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SURVIVAL OF COMET NUCLE! AND THE ASTEROIDS* k\& (\
AN

Ernst J. Opik
Department of Physics
University of Maryland
College Park, Maryland

Abstract

Formulae for the probabllity of collision and orbital change In
close encounters with the planets are further developed, auxiliary tables
calculated, and the thecry applied to comets and asteroidal populations.
Probabilities and lifetimes for collision and ultimate orbital change are
calculated for selected objects; or groups of objects, qaﬁsslng the orbits
of the principal planets.,

Objects crossing Jupiterfs orblt are chiefly eliminated by orbital
change and ejection to infinity, and have a relatively short lifetime of the
order of 10® years. Those confined to the region of the terrestrial planets
are chiefly removed by physical collisions and are more longl ived, with a life=
time of the order of 10® years for the Apollo group, and & x 10® yeérs for
those crossing the orblt of Mars alone, so that about 50 per cent of their
original population may have survived from the beginnings of the solar
system. On the contrarYBthe Apollo group objects cannot have survived over
so long intervals of time; their present number must depend upon the balance
between elimination and supply from other sources.

The origin, structure and dimensions of comet nuclei are reviewed.

Oort's hypothesis of their origin as asteroids ejected from the inner
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portions of the solar system is considered as most plausible. Their re-capture
by Jupiter, and by the terrestrial planets as a second stage, feeds comets

Into ‘'terrestrial’’ space, or that Inside Juplter's orbit. However, the chief
process !n decreasing their aphelion distances appears to be Whipple's

Urocket effect! for nuclel in retrograde rotation.

Statistical grounds are pointing to Apollc group asterolds chiefly
originating from residual nuclei of comets;, the supply from the asterofdal
beit by Mars perturbations being inadequate though not negligible.

A formula for estimating the diameters of comet nuclei from photometric
data is proposed and statistically checked as to order of magnitude. The
average diameter of the nucleus of a comet of the sixth absolute magnltude
(specially defined) is estimated to be 10 km, an order of magnitude smaller
than suggested by former estimates. The new estimates are also supported
by the apparent decrease of the gravitational constant, caused by the jet of
gases sjected sunward.

1. INTRODUCTION

Comets represent the most conspicucus group of changing objects in the
solar system. Their orbits, affected by stellar perturbations at great
distances, and by planetary perturbations when near the Sun, are intriasically
unstable and, by shedding off matter, they are undergcing a process of dis-
integration which may end either in complete or in partial destruction. The
changes in comets are directly observablg,involving processes which may have
been instrumental in the formaticn of the members of the solar system.

With the cosmcgonic implications in mind, this article considers in particular
the dynamical survival of comets and other stray bedies in encounters with
the planets; hence also a clue to a possible genetic link between comets and

asteroids is indicated statistically.




2. SURVIVAL IN ENCOUNTERS.

(2) The statistical setting

Two intersecting orbits may result in large perturbetfons at close

encounters, or even in a physical collision. The same holds for crossing
orbits which do not intersect but which cover a common range in hel iocentric
distance; this follows from the general character of the secular perture
bations, usually a precession of the node and advance of the perihelion which,
after intervals of the order of 10* = 10® years In “he inner portions of the
solar system, lead repeatedly to Intersection. An orbit of a small body
crossing that of a principal planet is therefore intrinsically unstable,
unless a particular mechanism of commensurability (gogoy in the case of
Pluto with respect to Neptune(1{)prevents the two objects from coming close
together. For comets &nd most other stray bodies no such commensurabflity i
exists, so that their survival !5 a matter of statistical expectation.

The expectation of orbital change of objects crossing the orbits of
planets can be treated according to the theory of probabllities. The
fate of individual bodies may be virtually unpredictable by the methods
of celestial mechanics, but statistical predictions may still hold as averages
for an entire population.

Only interactions at close encounters are considered here; these lead
to the major changes. Orbital change from perturbations at great distances

is less drastic and, in comparison,can be disregarded.

The probabilities depend on the qrbﬁtai elements and, as these are
changed in an unpredictable manner, the problem becomes highly involved
wher: individval objects are considered. However, if a steady or slowly
¢hanging orbital population of the stray bodies {comers) is assumed, cal-

culations base’ -~n amy existing sets of orbital eiements will yield
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correct average results.

For a similar reason, mathematical simplifications can be introduced
without essentially affecting the calculated probabliities. The mass of
the stray body [s assumed to be Infinitesimal, the orbit of the planet a
circle as a first approximation (its eccentricity being allowed for as a
second step), and the motion of a stray body inside D, a conventionally
defined radius of the sphere of action, s assumed to be governed only
by the gravitaticnal field of the planet;, and outside D only by the solar
fleld. D is defined by the condition that the solar perturbation on the
body when In conjunction with the sun be equal to the planet's attractﬂon(a)
and, In unlts of the planet's orbltal radius;, eguals

o= (3 7S (1)
where 4 Is the mass of the plsnet fn soler units, 2ssumed to be small.
Tisserand’'s definitiom is somewhat different, buf not essentially and
less suyitable for our purposes,

In such a manner the probiem of encounter Is reduced to a combin-
ation of two two-body problems.

(b) Probability of close passage and collision

The relevant formulae for physical collision and cumulative anguiar
deflection in repeated encounters have been given by the author(a)(lz Wish
the planet's mean helioccentric distance as unit of length, and setting equal
to unity the sun’'s mass, the planet's mean orbital velocity and mean motion
(unit of time = 1/27 of the period of revolution; gravitational constant = 1),
in a frame of cartesian coordinates rotating with the *mean planet'; near
the point of intersection of the two orbits but outside the sphere of action

of ihe planet, the components of the unperturbed velocity of the stray body

{ further alsc called 'the particle) relative to the mean planet are
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(x-axis In the radial direction toward the sun),
1
U, = * [A(1-e2)] /2 o5 1 <1 (3)
(y-axis tangential in the direction of the planet's orbital motion), end

uz2 = A(1-e®) sin® | (1)

The total relative velocity U, an invarlant in repeated encounters
within the frame of our mathematical simplifications, is then

Vw3 -2 [A1e®] Y2 cos 1 - AT (5)

Here A, e, and | are the sem!-major axis, eccentricity, and incliration
(relative to the planet) of the hellocentric orbit of the particle. The
"mean planet' is defined as one moving In a circular orbit at the mean
distance of the real planet.

Unless perturbed by a planet. in pureiy Keplerian motion around the sun
the Y-componen*s remain unchanved. In close enccunters with the planets,
the components may change and the U-vector change direction, its absolute
value remaining constant.

Let s denote the targe® radius at encounter (*impact parametert®)
or the distance of the asymptote of the hyperbolic relative orbit of the
particle from the planet, in the conventionally assumed two-body inter=
action during the passage of the particle through the sphere of action of .ie
planet. The mathematical expectation, p {to be further called "probabil ity

of a passage within target radius s from the plaret is

1
f 52 ( o+ QOQRQgF) /2
in i

T sin Uiz + 0Lt eg”

o= (6)

cer hel locentric revolution of the particle, Here eg is the eccentricity
of the planst's orbit (averaged over secular pe::urbations)and f the

Yoverlapping fraction! or the fraction of the planet's orbit over which
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crossing Is possible. Usually the crossing is complete and f = 1. For
a single passage the actual inclination is to be taken, but the formula
does not apply when | is very small (< 0%9%), Gver long intervals of time
and when sin | Is small;, the statistical average defined through

sin® | = sin® i+ sin? 1, (7
can be used; here ic and Bo are the average inclinations, relative to the
invariable plane, of the orbits of particle and planet, respectively.

The relation of periastron (perigee) distance, r, to the target
radius, s;in the two-body encounter of particle with planet is

smr (14 2ur 17) 72 (8)

Substituting this into equation (6), an expression for the probability
of a planetocentric passage, at a distance closer or equal to r, can be
obtained.

For nearly parabolic, non-periodic orbits; p is the average probability
per apparition for objects with similar orbital elements if the longitudes of
their nodes and perihel ia are distributed at randoms the parameter, A(1-e®),
Is then to be set equal to 2Q, the double perihelion distance.

For a periodic orbit, of a period (aoA)1°5 in years where a_ is the
mean hel iocentric distance of the planet in astronomical units, the
probability P per year, corresponding to a reciprocal of the lifetime T, is

7z = P=p(a &) % (yr?) (9

When r ® R,the radius of the planet; gquations (6), (9), and (8)
define the probability of physical collision and its target radius s = §.

{c) Probability of angular defiection

in the conventionally assumed two-body free encounter, when r > R, the
U-vector remains constant and only changes direction by an angle ¥, given by

sin Yo = (1 + riB¥u)"? (10)



or
tan (459 + /.X) = (1 + gll,«"rl.!‘e)l/2 = s/r (11)
The directicn of the U-vector determines the elements of the hellocentric
orbit of the particle in a trivial manner(az by way of equations (2) = (5).
The angle® of the U-vector with the y-axis, defined by
cosoL = Uy/U (12}
plays an important role in determining the heliocentric orbit of the particle.
For U< /?5 « |, the largest aphelion distance attalnable through
encounters with cne planet corresponds fo X = 99 and is

Qax = [Al1se)] = (1001 = 20-07) (13)

For U equal or exceeding the limit parabolic and hyperbolic orbits become
possible,

For U< 1, the smallest possible perihelion distance is different
from zerog it corresponds tod = 1809 and is

Quin = (MY 01Ty = C=FA00 + 2007 (1)
For U equal or exceeding unitv the case Q= 0 (falling into the sun) is
allowed, although its prcbabiiity is small (cf. Table 4).

By using these formulae, the probabilities of angular deflection and
orbital change in a single encounter can be calculated from Equations (6;
and (8.

The largest def!ection,?‘maxg corresponds to grazing passage,
r= R. Table | contains some sample vaiues for this case.

Table 1. Maximum Single Angular Deflection,

Planet R cu/R | U=0.1 U=0.2 _U-0.5 U=1.0 U=2.0
Earth L.25x10°2  0.1423 || 122,95 79.9% ima§5°°5 " 7.9 2.%
Mars 1.48x1673  0.0438 | 86.7 41.5 9.3 2.5 0.6
Jupiter B.90xl> % 21.5 175.1 1707 1 i55.5 |132.4 95.6
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from the table that the terrestrlial planet: can but slightly change the
orbit of a passing comet in a single encounter.

However, for objects in short-period orbits such as periodic comets,
the anguler defiections accumulate according to the rule of random walk,
i.e. they are summing up quadratically for successlive encounters. An
accumul ated average deflection of 90°% or a "full deflection" can be
assumed to be equivalent to the establishment ¢f a random orientation of the
U vector, without "memory" of its former direction so that the probabllity
@ of lts being directed into sollid angle w is then

@ = w/ky (15)

For repeated passages within the limlits of from R to D the target
radius & for fu!& ceflection, to be used with equation {6) by se*ting

¥ A\
s mo, Iz then deflinad by( L

o = B L [(0F ¢ B)(RE + B)) (16)
where
i 2
B = () (17)

The probability pé (per revoiution) or P® (per year} of a given
orbital change can then be calculated, when the solid angle ¢y for the
changed group of orbits is given. This can be computed by numerical integra:ion
in a sumewhat invoived manner, except in the case of ejection from the solar
system, when the parabolic Vimit A->0® yields directly

8,

Co

= Yz (1 - coseg ) = (UF v 20 - 1}/ (18)
This foilows from the expression for the heliocentric velocity, W,
Crnen e (19)

whisn defines &y, when W = 2 is set as for escape,
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In the general case of orbital change resulting iu perihelior distances
less than q= Q £}, or aphelion distances greater than g= Q' > 1, an
approximate procedure s sufficient for most purposes. Defining

8 = 1/5(1 £ cos o
q /2(1 £ cos q) (20}

where the upper (=) sign corresponds to q > 1(large aphelion), the lower sign
to g < | (small perihelion), the effective value of cos otq can be assumed
approximately equal to

cos k. = /s (cos Ry + cos Ka) (21
49

Here O3 is the limiting angle which leads to an orbit with the prescribed
value of q when the U=vector is in the tangential plane (Ux = 0}, and
X 2 when the U-vector is in the radial plane {Ug = 0). These angles are |
given by

cos Ky = [(q = 1)/(q + 1) =U2J/2U (22)
for aZ 1, and N

coscta = { (= 0 3 [(@N7 - (a2 &) /2)% (23)
with the sign rule as in equation (20).

Special cases, when the procedure as described above does not apply,
are as followss

(1) For q>1 and large U, when cos Xy < =1, cos¥a > « 1, set in
equation (21) cos Xy = = 13 when also cosd g < =1, set eq = 1,

(2) For g> 1| and smali U (q near 1), when cosofy >}, set 9q = 03
when cos Xy <1, coscla > 1, set in equation {21} cosOz ® 1,

(3) For q <1 when cos A3y < = 1 and both solutions &' and A" of
equation (23} are real,
& =1 = cos Yo (X' =Y (20a)

q
can be assumed.
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{g) Partial crossings

When the perihelion or aphelion of the particle is placed between
the perihel ion and aphelion of the planet, the crossing is partial. The

overlapping fraction, to be used with equation (6), s then(e)

f = (arc cos E)/m (24)
where

E= [Al-e) = (1-e6®)] / [eoAll~e]] (25)
for crossings near perihelion of the particle, and

E= [(1-ec®) = A1 +e) ] /[ech(i+e)] (26)

for crossings near aphe! ion of the particle.

All formulae apply without modification for !> f7 0.5. However,
when f < 0.5, erbecomes imaginary and further adaptation of the formulae
{s required. Evidently, the probabilities of encounter will not vary much
with smal! variations in the orbital dimensﬁons.of the planet. Hence, for

.57 F£> 0 | (a7
in equations (2) - (5; it is proper to use A/(l+eg) instead of A for
perihelion crossings, and A/(l-eo) for aphelion crossings.

When

A(l=e) > 1| +eqg, or A(l +e) < } = eq, |E|] > 1, f is imaginary and
crossing is formally not possible. Collisions are then not allowed. How-
everbeSpecially with the glant planets, close ercounters may still be
efficient in producing angular deflection. In such a case it is advisable
to use equations (2) = (5) with A/(] +eg + D) instead of A for perihelion
appulses {no longer crossings), and with A/(1 = eg = D) for aphelion
appuises, to substitute A(1 = e) - (1 + eg) or {1 - eg) =~ A(} + e) for

~ 1. equatigs (16), and subtract D from the numerators of equations (23)

and (26) .
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Fngular gericotion wékes dicimateiy yeal ciossing and collisions
possible whose second=stage probabilities can be treated by the standard
formul ae.
The procedure which is here described; although not precise, will

yield approximations which are close enough for practical use.

(e) Auxiliary tables

Table 2 contains cross section data calculated for the principal
planets;, to be used for assessing the probabilities of cqllision and
orbital change. The radius and mass of the particle are assumed to be
zero, and the zaleculations have been made.according to equations (8),
(i5), (16), (17}, and (18). With equations (6) and (G), the interpolated
value of s2 = §% from the table yields then the probakility of physical
collisicon, and with s2 = 0® = 52 x (03/$®) the same equations yield the
probability of a full deflection in angle. The table contains also the
refative probabﬁhities.(e) of ejection and deflection to crossings with
other planets.

Deflection to a close passage by the sun is aiso of special interest,
from the standpoint of survival of the particle. The limiting condition
for such a deflection is summarized in the second line of Table 3. The
table lists the extreme limits of heliocentric distance attainable through
repeated encounters with @ single planet as calculated from equations

(13) and (14).
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Tehle 2. CLollision and &agular Deflecti for Close Encounters

R = radius of planet, S = target radius for physical collision, o = target
radius for full deflection, D = radius of sphere of action, all in units of
the planet's mean hellocentric distance; # = mass of the planet, in solar
units; @ = relative probability of orbital change (->® , excape to infinity;

~» planet, to crossing with another planet )

Mercury Venus Earth

R, 18x1075; Del,38x107%; Re5.63x1075; D w 0,0107; Rwh.26x10°5; Dm=0.01148;

M= ) 6T x 1077 o o= 2,45 x 1078 p = 3,03 x 1076
2 GP/sE X 2 B8R 0> 2 g2/s® 67
(1078 ™ (Jupiter) (1079 (Jupiter) (1079 (Jupiter)
3.15 12.2 - 30.7 21.4 - 27.7 35.3 -
2.37 3.32 - 15.3 10.} - 13.3  17.6 -
2.10 1.2 - lo.l 5.32 - 8.28 9.87 -
1.98  0.53L4 - 7.56 3.05 - 5.96 6.07 -
1.90 0.269 - 6.22 1.85 - 4,68 3.90 0.019
i.87  0.148 - 5.40 V.17 0.056 3,92 2.57  0.111
1.84 0.089 0.065 4.87 0.771 0.135 3.48 1.76 0.183
1.83 0.077 0.086 4,78 0.696 0.155 3.32  1.59 0.200
1.80  0.037 0.197 4.27 0.368 0.254  2.8F 0.889 0.292
1.78  0.018  0.294 " 3.8 0.195 0.3%0  2.54 0.489 0.372
177 0.006 0.433 3,60 0.067 0.468 2.22 0.179 0.h49]
1.77 0.0024% 0.536 3.45 0.029 0.564 2.07 0.079 0.666
1.75  0.0005  0.733 3.29 0,006 0.75} 1.92  0.017 0.76k
1.75 0,002  0.893% 3.23 0.002 0.90T 1.89 0.005 0.916
LLTE ¢.000! 1.000 3.22 0,001 1,000 1.86 G.003 1.C00



n

12

.
v

Tablie 2. Continued

Mars Juipter

R= 1.8 x10"5 D= 546 x103 R=8.90x 10 5 b= 0,0782;

o= 3,24 x 1077 A= 9.55 x 1074
U 2 ,2/s2 0 6- $2 »2/2 @ 0 RS
(16719 (Jupiter) (Earth) (1078 (o) (Earth) (Saturn)

40 11.8 13.3 - - 1700 298 = - -
15 6.43 5.38 - 0.135 757 432 - - 0.077
20 4,57 2.52 . 0.225 k25 438 - - o.2ek
.25 3,72 1.30  0.033 0.279 273 391 - - 0.308
.30 3.26 0.730 0,13k 0.314 189 3ko - - 0.369
.35 2.98 0.432 90.209 0.340 140 290 - - c.u18
. 40 2.78 0.276 0.269 0.357 107 250 = - 0.458
A41k2 2095 0.245 0.283 0.361 100 2k 0.000 - 0.467
5.53 2.58 0.122 0.360 0.381 69.0 189 0.125 0.052 n.522

60 2.k7 0.061 0.k429 0.395 L8.0 148 0.233 0.106 0.574

80 2.34 0.021 0.534 0.408 27.4 96.2 0.388 0.164 0.658
.00 2.28 0.009 0.618 0.406 17.8 67.7 0.500 0,189  0.727
.50 2.23 0.0015 0.786 0.38l 8.36 33.6 0.708 0.195  0.86k4
.00 2,21 0.0006 0.93k4 . 5.06 19.4 0.875 ... 0.97h

LA1h2 2.21 0.0003 1.000 oo 3.71 13.1 1.000 ... 1.000
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Table 2. Continued

Saturn Uranus
R= 4,07 x 103 D= 0.0522; R=8.66 x 109 b= 0.02]9;
o= 2,86 x 104 M= b37 x 1078
U 52_ o2/s2 o> 8> $2_ 4/ & &> &> 0>
(10 98 @) (Jupiter) (1079 (o°) (Saturn) (Jupiter) (Neptune)

C.10 234 675 - - 75.8 1330 = - - -
G.15 10k 652 - R 34.7 878 - - - 0.172
0.20 58.8 530 = 0.129 19.0 608 = 0.040 - 0.285
0.25 37.7 Le23 - 0.199  12.2 L46 - 0.124 - 0.360
C.30 26.2 3ko - 0.2kl 8,47 343 - 0.180 - 0.415
0.35 16.3 278 - 0.276 6.25 270 - 0.220 0.016 0.458
c.4h0 14.8 233 - 0.300 4,81 219 = 0.24k8 0.065 0.495
0.4142 13,9 222 0.000 0.306 L.48 208 0.000 0.255 0.077 0.504
0.50 9.55 169 0.125  0.330  3.10 153 0.125  0.285 0.132 0,562
0.60 6.67 128 0.233 0.348  2.18 113 0.233 0.307 0.174 0.605
0.80 3.83 80.2 0.388 0.364 1.26 68.3 0.388 0.328 0.217 0.684
1,00 2.51 55.2 0.500  0.366  0.833 45.3 0.500  0.333 0.234  0.749
1.50 1.20 23.2 0.708  0.346  0.411 20.0 0.708  0.316 0.231 0.878
2.00 0.750 14.2 0.875 coo 0.264 10.5 0.875 oue coo 0.980

2. M2 0.568 9.2 1.000 oo 0.204 6.55 1.000 oo s i.000



R= 5.8 x 10 8

2.
(10 9

59.7

26.6

15.0
9.57
6.66
4.89
3.78
3,50
2.42
1.69
0.96k
0.631
0.300
0.184
0.137

o2/s2

2160

1450

1010
Th5
17
b57
369
352
260
193
19
80.0
37.2
20.6

13.4

Table 2.

0>
o)

0.000
0.125
0.233
0.388
0.500
0.708
0.875

“15=

6y

(Uranus)

0.100
0.20L
0.262
0,300
0.326
0.346
0.350
0.37}
0.386
0.398
0.398
0.407

Continued

Neptune

e->

o
]
e

<1

0.000
0.058
0.102
O.114
0.164
0.200
0.239
0.253
0.384

D= 0.0294; « = 5,08 x 10°5

(Saturn) (Jupiter)

.0kl
095
156
182

190
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Tabie 3, Minimum and Maximum Attainable Heiiocentric Distances from {lose

Encounters with one Planet

u 0.00 0. 05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.4142 0.50 0.60 0.80 .00
Q;, !-0000.822 0.681 0.566 0.471 0.382 0.325 0.268 0.220 0.207 0.143 0.087 0.020 0.0CC

Q' ., 1-0001.228 1.551 1.952 2.571 3.572 5.452 10.27 43.00 oo ) 00 o @

For small values of Q, instead of equation (14), the approximation

Qi = M2 (1 - 1)2 (28)

closely holds.

Table 4 contains the probability factors a: defined by equation (15) and
calculated from equation {20a) for deflection to a perihelion distance of
Qoin < 0.0054. With respect to Jupiter, this corresponds to a distance of 0.028
astron units or six sclar radii; where the equilibrium black-body temperature
of a sphere is 1670° K, likely to lead to rapid destruction of small solid
bodies,

Table 4, Relatjve Probability of Deflection to Perihel ion Distance 0.0054

and of Ejection to infinity

U £ 0.896 0.9 1.0 1.2 1.5 >1.8
e{ 0.0054) 0 0.0012 0.0270 0.0134 0.0042 Hyperbolic only
8() £0.k4k5 O.kl7  0.500 0.592 0.708 cee

According to Table 4, the probabilities of ejection, and their range
of U (>0.4142), are so very much greater than those of deflection to a
small heliocentric distance, that few objectgin an existing population can
he eupec+~d to have undergone excessive heating in close approaches to the
sz, nis has an important bearing on the interprutation of the life history

of meteorites.
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3. DYNAMICAL PRUBABILITIES OF ELIMINATION FOR COMETS AND RELATED OBJECTS

(a) Multiple crossings

The total probability of an event, depending on crossings with several planets,
is conventionally assumed to be equal to the sum of the probabilities for each
separate crossing. The interaction of the crossings, in making possible
orbital changes which are not ailiowed by single crossings,is provisionaily
not taken into account for reasons put fcrward in section 2.a. This inter=
action, or '‘playing bail* with the crossing particle, can be considered as a

‘ 2
second step( yl)u

Deflection to a crossing with a much larger pianet (Jupitar)
is practically equivalent to elimination of the particle from the original
population, because of the much greater probability of encounter and shorter
lifetime relative to the large planet.

X3 Py [equation (9)] 1is the probability for one crossing of an event
leading to the termimation of existence of the particle {either Jdestruction
or elimination from the original environment), the total probability or inverse
lifetime is given by

1/C = P@-Zpk (29)

and the partial probability of one particular event (collision with a planet,
ejection to infinity, deflection to a crossing with a larger planet) is defined
as

d = PP (30)
This is a true probability, conforming to its mathematical definition, whereas the
P-values as used here are actually mathematical expectations.

() Jvnamical probabilities of survival for selected lists of objects

Tevies 5, &, and 7 contain the results of czliculations for typizal

come:s and sume groups of asteroids which partly (Apollo group) may be related
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to comets (cf. next section). In the tables;, U is the relative velocity In
a crossing, in units of the mean orbita! velocity of the planet, calculated
according to equation (5L,jc is the relative probablility of collision, Jes
(Table 5) the probability of ejection to Infinity, jJ (Table 6) of deflection
to Jupiter's crossing (equivalent to elimination from the terrestrial group),
JE (Table 7) of defiectibn to Earth's crossing (equivalent to elimination from
Mars group and transfer to terrestrial group), all as defined by equations
{30) and (29). T is the lifetime,~def5ning the fraction th of the
original population surviving after an interval t as
X . = exp (- t/T) (31)
The survival probtabilities for all crossings combined are
Jom El o Flw, = g (32)
denoting the total probabilities of collision, of ejection to infinity, and
of defiection to Jupiter's crossing, respectively. in Table 7, only JE
is given; the relative probability of physical collision with Maps is then
Jo= - g (33)

The diameters of asteroids and of the nucleus of Comet 1949 TIT

[«

(where the magnitude of the nucleus was observed) are calculated on the
assumption of a lunar albedo(z), according to equation (40). For a few
comets which have their integrated magnitude derived by a s;andard pro=
cedure, the few diameters of the nuclei are tentatively derived from
equation (50) with € = 2.18; these diameters are marked with the letter c.
The tables are grouped according to the type of orbital elements
and -rossings, as these alone determine the dynamical survival without
regacd co the physical properties of the bodies (except when they are

v,y small and influenced by radiation pressure and drag).

Table 5 contains only objects crossing Jupiter's orbit. The condition
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related to comets. The majority of perlodic comets could have been incor-
porated in the table but for a few cases; completely listed in Tables 6 and 9.
The only apparently non-cometary object of this qualification is the astercid
Hidalgo; however;, there are no reliable indications as to its physical naturej
it could well be an Inactive cometary nucleus, rather than a runaway asteroid.
As compared with a former publication where only physical collisions were
considered(az the total probabilities of elimination of the objects of

Table 5 are much greater and the lifetimes shorf er, as a consequence of
elimination by angular deflection in Juplter'’s gravitational field.

On the other hand, for the objects of Table 6 crossing only the
orbits of the terrestrial planets the angular deflection is relatively
insignificant, especially at high velocities; so that physical collisions
dominate the process of elimination. This is even more true of the objects
of Table 7 in single crossings with Mars.

i« is significant that the condition of selection by Jupiter crossing
in Table 5 yields numerous comets but only one doubtful asteroid Hidalgo.
This is explained by the short lifetime of astercidal objects (i.e. those
of moderate inclination and eccentricity) in Jupiter crossings (cf. the
second and fourth entries of Table 5), so that they are el iminated much
faster than their rate of injéction into the Jupiter group. On the other
hand, the rate of injection into the group os comets by capture from the
non-periodic complex(a) is very much higher than from the asteroidal
population, so that many of the captured comets are still observable and

nrevail in the list, despite their rapid disappearance.



Table 5. Dyazslone seoton fiiciey o0 Eliming cion for Selocred Ubjects in
Crossings with Jupiter
gl Comet Comet Comet Comet Come ¢ Come
- Hidalgo 1939 IV 1942 1} Giascobini- 1866 1 1862 111 Halley
‘ V8isald VBisald Zinner Tempe! Tuttle (7 Aquarids,
Ob ecty—w (Glacobinids) (Leonlds) (Perseids) Orionids)
Diam. nucleus, Km 45, v s oo 1.1 ¢ ¢ 13. ¢ 1. ¢
Period, yrs. 13.9  10.52 85.5  6.59 33,2 119.6 76.0
a(l~e),astron. un. 1.995 1.752 1.287 0.995 0.977 0.963 0.597
a(l+e), astron. un. 9.59 7.85 37.535 6.02 19.67 L7.60 35,%1
i, degrees L4y.0 11.3 38.0 30.8 162.7 11%.6 162,20
Yenus crossing
U - - - - - e 2.32
Jc @ - - - 0.006
J g - u - - - - 0.0000
Earth Crossing
i - - - 0.694 2.35 2.0l 2.23
jr - = e 0.00C! 0.009 0.007 0.C03
j;; = - - 0.0003 0.0000 0.0000 0.0000
Jupiter crossing
U 0.966 0.677 1.28! 0.729 1.9i 1.81 1.90
JC 0.021 0,026 0.03! 0.027 0. 044 0.043 C. Ok
Joo 0.711  0.974 0.893 0.972 0.805 0.84k 0.816
Saturn Crossing
U O.TH7 = 1.305 - 1.71 .72 VT
jc 0.008 - 0.005 = 0.008 0.005 0.007
jcw 0.260 - 0,060 = 0.119 0,091 0.104
Uranus crossing
U - - 1.201 = 1.32 1.57 i.55
j:, - - 0.0002 = 0.001 0.0003% 0.0006
JOO - 0,004 = 0.0!5 0.003 G006
Neptune crossing
U - - 1,073 = - 1.40 1.30
jc - - 0.0002 - = 0.0003% 0.0005
i - - 0.008 - - 0.006 0.012
All crossings
ve 0.029 0.6 0.036 0.028 0.062 0.057 0.061
Io 0.971  0.97% 0.964 0.972 0.938 0.943 0.9%9

T, 10% yrs .27 0.340  37. 0.504 14,0 162. D
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Tacle ©. Dynamical Probabilities of Elimination for Qbjects in Multiple
Crossings with Terrestrial Planets{Complete List)

Encke's Comet 19M9 Ly

Comet Wilson
Object ‘ (Taurids) Harrington Ge minids Apollo Adenis Hermes
d, Km 1.7 ¢ 5.9 coo 1.0 1.3 0.k
a, astron, un. 2.22 1.746 1.38 1.bg  1.97 1.29
a(l-e) 0.338 1.0276 0.140 0.65 0.h4 0.68
a(1+e) .10 2,47 2,62 2.3%  3.51 1,90
i, degrees 12 2.2 2u 6 1.5 5

Mercury Crossing

U 0.581 - 1.10 - 0.459 -
J. 0.27 - 0.23 . 0.02 =
Iy G.002 - 0.000 - G.0001 -

Venus Crossing

U 0.924 - ¥, 17 0.400 0.754  0.319
J. 0.42 - 0.4k4 0.58 0.ko 0.61
jJ 0.009 - 0.007 0.060 0.017 0.000

Earth Crossing

U 1.000 0.219 1.16 0.574 0.856 C.485
J. 0.25 0.772 0.28 0.26 0.48 0.29
jj 0.013 0.000 0.011 0.052 0.040 ©.072

Mars Crossing

u 1.029 0.430 1.07 0.597 0.896 0.455
J. 0.03 0.214 0.0k 0.0% 0.0k 0.03
2y 0.000 0.0lk4 0.000 C.001 0.000% 0.002

All Crossings

J 0.975 0.986 0.983 0.884 0.943  0.926
I3 9.025 0.01L 0.017 0.116 0.057 0.07k

7, Y02 yrs 265, 330, 245, 6l 68. 39,
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Tahle 6. Continued

Object fcarus 1950 DA  Geographos 1948 0A 1948 EA
1951 RA

d, Km R 1.3 2.8 4.9 é.5

a, astron. un. 1.08 1.65 .24 1.38 2.26

a(l-e) 0.19 0.84 0.83 .77 0.89

a( 1+e) 1.98 2.46 1.65 1.98 3.63

i, degrees 23 12 13 10 18

Mercury Crossing

U 0.979 - - - -

Je 0.22 - - - -

iy 0.0003 = - - -
Venus Crossing

] ]1.040 - - - -

I, 0.uk - - - -

Is 0.009 - - - -
Earth Crossing

1] 1.00k 0.l4k4g 0.382 0.443 0.696

Je 0.28 0.73 0.71 0.72 0.81

Iy 0.014 0.21 0.22 0.22 0.11
Mars Crossing

U 0.827  0.556 0.3k2 0.462 0.809

Je 0.0k 0.06 0.07 0.06 0.08

Js Q@ook 0,002 0,006 0,00k 0,0008
All Crossings

e 0.976 0.787 G.781 0.784 0.590

I; 0.02k  0.213 0.219 0.216 0.110

z, 108 yrs 165. 272. 152, 185, 1010.
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Object

132
323
591
L33
k75
699
79
8867

Aethra
Brucia
ingeborg
Eros
Ocllo
Hela
Albert
Al inda
Resina

Sirene

3% ] e §
P taodamiag

Ganymed
Porzia
Kepler
Atami
Siva

Atlantis

2%

Dynamical Probabilities of Eliminacion for Objiects in Siagie
Crossings with Mars (complete 1ist)

d a(l+e) U T Jg |Object d a(l+e) U

Km 10® yrs Km

89 3.6l 0.512 24.5 0.042|1204 Renzia 13 2.95 0.205
54 3,10 0.470 22.0 0.058{122! Amor 1.8 2.76 0,483
30 3.03 0.h7 15.4 0.068(1235 Schorria 6.8 2.21  0.486
20 1.78 0.289 1.8k 0.205(1293 Sonja 12 2.8%5 0.190
35 3.58 0.444 20.5 0.071|1310 Viliigeria 28 3.24 0.487
23 3.68 0.3%2 17.9 0.097|1316 Kasan 11 3.18 0.460
5.2 3.98 0.502 7.56 0.045{137h jsora 17 2.87 0.221
5.2 3,89 0.510 6.62 0.043|1468 Zomba 17 2.86 0.281
th 2,98 0.210 3.68 0.353| 1474 Beira 26 L4.07 0.619
5.2 3.82  0.437 10.8 0.074 1508 1938 U0 10 3.93 0.609
H3.235 0,266 4,48 0.242)1580 Betulia L.l 3,44 1,006
59 4.10 0.661 16.4 o0.019 1950 LA 3.52.28 0.578
.897 2.93 0.200 2.87 0.362 1957 SA Lo k.02 0.M15
6.6 3.9% 0.hbk2 11.1 0.068}. 1953 EA 0.6 3.85 0.666
12 2.44  0.298 4.03 0.190 1953 RA' 8 3.26 C.hsz
22 3.02 0.479 18.8 0.055 1951 @z 1Y 3.08 0.232
5.2 3,00 0.228 1.84% 0.316 %ggg M 55259 0.l

T
108 rs

3.37
5.31
10,5
3,2k
17.5
17.3
L.83
8.52
15.8
29.8
17.8
T.55
16.7
4.2
6.85
2.1k

4,02

00

C.

<3

355
055

L
BTh

. 064

2333
214

022
.Q03
.028
.083
019
.067
.326
.078



=24 -

dynamicai frobabiiities of Elimination of Uomats in Parrisl Trozsin

Ea nc
PRI K e o

Wwith Jupiter, 0< f < 0.5, 4.6k < a{l+e) < 5.20 (Complete List)
T = total lifetime; T, = time of 907 deflection in angle

Object Pericd, a(l+e) a(l=-e) i u T Ty J
yrs deg. 108 yrs 10® yrs
QEVECO“’SWift 5086 Su]l 1039 590 00586 0093 50)4' ]»OO
Hclmes 6.86 5.10 2.12 2008 0.408 5.5 22, 1.00
Whipple 7.4 5,15 2.45  10.2  0.272 1.5 b1 1.00
Table 9. Dynamical Probabilities of Elimination of Comets in Close Appulses
to Jupiter's Perihel ion, 4.94%Z afl+e) = 4.54 (complete list)
(cf. Table 8 for notations)
Object Period, a(l+e) a(l-e) i U T T
yrs deg. i0% yrs 10° yrs
Grigg-skjelterup™  h.90 4.2  0.85 17.6 0.587 0.2l 50. 0.02
Tempe! (2) 5,31 4,70  1.39  12.k  0.hok. L4 80. 1.00
Neujmin (2) 5.4% L .84 .34 10.6 0.442 0.63 30. 0.11
Tempel (1) 5.98 L. .82 V.77 9.8 0.387 3.5 16, 1.00
Schwassmann-Wachmann 6.53 4.83 2.15 3.7 0.318 1.2 3.6 1.00

Oterma (193L)
" (1950)
" (1965)

18.0 8.07 5.65 2.9 0.148
7.9 4,54 340 L.0  0.10p71.6% 0.8% 1.00

19.2 8.99 5.35 1.9 0.145

* Averaged over the three orbits.

F Diameter of nucleus = 0.4 Kn from eguation (50).

0.C0

0.GC

0.98
0.00
0.89
.00

G.00

0.00
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Takle 10. Would-be* Dynamical! Probabilities of Elimination of Asteroids in _
Close Appulses to Jupiter's Perihelion, 4.94 > a(l+te) > 4,54,?1Fuﬂ“ﬁdmz
samples (cf. Table 8 for rotations)

. - T
Object a( l+e) i U 10 yre EoérQrs J. Joo
153 Hilda k.59 8.7 0.179 0.68 1.5 1.00 c.00
Log Venusia L, 84 3.9 0.195 0.92 2.2 1.00 0.00
525 Adelaide 4.58 2.1 0.221 0.22 0.6 1.00 0.00
1038 Tuckia 4,88 8.4 0.249 2.7 10. 1.00 0.00

* The close appulses, however, apparently cannot take place, on account of near
commensurability of the periods of planet and Jupiter and erying preventive per-
turbations, as in the case of Pluto with respect to Neptune'? 5 50 that the life-
times are extended indefinitely.

v

Table il. Complete List of Asteroids in Would-be Close Appulses to Jupiter's
Perihelion, a(l+e) = 4.54, n/nB = ratio of mean motion to Jupiter's;

¢ . o ° . o
n/ng ratio ofamqulaﬂ/ metion in aphelion to that of Jupiter

iqgérihenicn; 13 = long!itiude of apheliong Lc = longitude of conjunction

nearest to epoch; 12° = longitude of Jupiter’'s periheliong AL, =

dispiacement in longitude per conjunction; Taﬂ = nearest epoch of

N

conjunctions in aphel ion.

Object im a a i+e) n/nJ m'/n“J L& -12° LC-EEOAALC ;?EQ
153 Hilda 150 3.975 4.59 1.b97  1.018 =1439° =70° 42 1520
190 Vsmene 200 3.947  L4.61 1.513 1.00k 89 Th -18 1930
361 Bononia 110 3.936  4.77 1.519  2.959 =19 106 =26 2070
499 Venusia 125 3,963 L. 84 1,503 C.915 =l 18 =l 2110
525 Adelaide 58 3,340 4,58 P.94  0.536 90 ~£3 +21 1990
748 Simeisa 98 3,934  4.65 1.520  G.990 =7 132 =28 2070
958 Asplinda 68 3,934  L.66 1,520 0.960 =~32 60 -8 2030
1038 Tuckia kg 3.917 4.88 1.530 0.891 115 =12 =Ly 1870
1180 Rita Th 3.988 L4.69 1.486 0.91¢ 24 =124 +21 2110
1202 Marina 59 5.930 L.T4 1.522  0.948 123 =46 =30 1820
1212 Francetite 55 3,965 L4.68 1.502  0.93 162 170 =3 2020
1345 Potomac 76 3.968  4.66 1,500 ©.984 47 96 =1 5300
1512 1925 FE 38 3.955 4.63 1.508 1.0006 55 -112  -10 1550
1529 1438 Re 32 3,996 4.76 1.485  0.945 111 =7 +22 2060

1578 it vcod 17 3,959 4.84  1.506 0.915 i7h 50 -9 1610
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(¢} Dynamical survival of comets in incogmpiere or

near crossing with Jupiter

am—

Tables 8, 9, and 10 contain data for objects in partial crossing or
in near appulses to Jupiter, calculated with the aid of the rules and
equations of section@(d). In the case of Jupiter, the two-body approxi-
mation of close encounters is no longer good; it becomes worse for imperfect
crossings. Nevertheless, the calculated lifetimes for a given set of orbitzl
elements still may be reliable to within 30-5C per cent. The objects of
these tables are especially important in evaluating possible re!atgonships
between comets and asteroids; for this purpose the knowledge of the survival
time scales to a ¢lose order of magnitude is qu?;e sufficient.

For the objects of Table 9, collisions with Jupiter are not allowed
immediately, but become possible as a consequernce of orbital zhange through
anqular deflection; the probabilities of collision were zslculated there-
fore as a second step. In view of orbital change, these objects are only
temporarily inside Jupiter's perihelior; about 70 per cent of their lifetime
thay are expected to be in zrossing with Jupiter. From this standpoint,
there is little difference between the objects of Table 8 and Table 9.
However, Comets De Vico=Swift and Tempeagzave periods in near commensura-
bility of 1/2 with Jupiter's and may be relatively statle, as are 525
Adelaide and other asteroids discussed in the fol!lowing subsection (d). In
such 2 case the calculated lifetimes and prokabilities do not apply to these
two objects.

The elements of Comet Oterma (Table 9) are changing in a very peculiar
manner during close approaches to Jupiter (4)5 of the three calculated
orrits only one (1965) is a close appulse according to our conventional
definition; only for this a calculation was made and the probability divided
by 3, tc obtain = kind of average for all three calculated orbits. The case

. is on the borderline of application of cur schemztically defined probabilities.
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{d) Asteroids in close appulses to Jupiter

These are selected by their aphelia being potentially within the sphere-
of-action distance from Jupiter's perihelion; a complete list is given in
Table 11, with the omission of Hidalgo which belongs to a different group
(Table 5).

Fourteen out of fifteen entries of Table 1) belong to the Hilda family
of asteroids, with the periods of revolution in a near commensurability
ratio of 2/3 to that of Jupiter (cf. 5th column of the tabfe); the only
exception is 525 Adelaide, with a period ratio close to 1/2.

The lifetimes of representative objects of this group, calculated by
the conventional methods, are given in Table 10. Although at present none
of these objects trespasses over Jupiter's perihelion of 4L.94;, it is con-
ceivable that but a slight deflection in angle of the U-vector would bring
them into real crossing with Jupiter, when physical collision becomes
possible. The probability of collision, Pes is then calculated as a

second step from the probability of angular deflection, Py
2
P, = fop_ S /=

in former notations, with %J = 0,70 very c¢losely and f = C.5 as for half-
crossing.

The lifetimes (5th column of Table lC»,of the order of one million
vears, are surprisingly short as compared with the time scale of the solar
system. The cbjects would have been el iminated in the very beginning of the
solar system if the calculated probabilities were valid.

In addition, within time intervals of thg order of T (6th column of
Table 17}, or a few thousand years, the exclusive distribution of the aphe!ia
would be upset completely, about TC per cent being expected to reach beyond
5.20 a.u., Jupiter's mean distance. This certainly is not the case, and the

absence of largar aphelia can in no way be ascribed to observational selection.
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Eighty per cent of the objects of Table 1! exceed in diameter (actually
brightness) the lone exception, Hidalgo (Table 5); if the latter were an
escaped asteroid, larger and more easily observable objects in similar orbits
zhould exist, which apparently is not the case. Besides, the lifetime of
Hidalgo as an object in two-fold crossing with Jupiter and Saturn is
definitely short and cannot refer to a case of ''long storage', whatever the
commensurability ratio of the present period with Jupiter's(1)=

We conclude that, by some interplay of perturbations in nearly com-
mensurable periods, the asteroids of Table 11 are not only virtually stable,
but even their aphelia are somehow made to comply with the limit of Jupiter's
perihelion. The mechanism prevénting close approaches of these objects to

(1)

Jupiter may be similar to that of Pluto with respect to Neptune' ™’ ; although
more compiicated owing to the greater rejative extent of the sphere of
action of Jupiter, as compared with Neptune's. The mechanism is directly
related to close commensurability of the periods(l)u

OrtodcX methods of celestial mechanics seem to fail in the case of

(s)

these objects. Thus, if Chebotarev's calculations of secular pertur-
bations of the asteroids of the Hilda family are taken at their face value,
we would be made to believe that the present statistical picture of their
orbital elements, including near commensurabilities of the mean motions and
the limitation of the aphelia to less than 4.94 a.u., is a rare coincidence,
valid only for our time B 100 years. A few hundred vears before or after,
the mean motions and aphelia, according to Chebotarev, would have been
spreading over a wide range of values, without any trace left of the present
statistical reqularity. The probability of the present peculiar distribution

to have taken place accidentally is less than (%)*® for the mean mctions,

less than (3)15 for the aphelia, or a total probability of less than 10 2,
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learly,

[+

it is not reasonable to accept such an improbable coincidence. C
Chebotarev's calculations of secular perturbations of the planéts of the
Hilda family made by expanding into exponential and trigonometric series

of time as the only variable, cannot be valid over time intervals exceeding
100 years (1).

A method of calculation which would give realistic results consists in
numerical integrations of the space motion of these objects, and not of
abstractions such as orbitaf-e]ementso The relative accuracy of the
integrations need not be excessively highs a nominal aczuracy of 10°® would
suffice. |If automatic regulation of the orbits and close approaches exists,
it will reveal itself in the calcuiations despite errors. {n other words,

i The axds

the mechanism of regu!ation will equally respond to true imperfections 7
s ab To spuiious impereclions)
caused by the method of calculatione A spurious divergence of mean longitude

and other rotating elements with time may result , but the (a,e,i) set of

elements must keep within definite limits in spite of errors of calculation.
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4, GEMETIC RELATIONSHIPS OF COMETS AND ASTERO}DS

(a) Origin of comets and structure of nuclei

It is almost impossible to conceive how the cloud of comets, situated
at 5 x 10* to 1.5 x 10% astron. units from the sun(a), could have come there
into being by condensation of diffuse matter; under any reasonable assumptions
as to the original mass (1 solar mass) and density of the solar nebula (less
than 10 22 gr/cm®), and with the low molecular velocities at these distances
and low temperatures, of the order of 10%* cm/sec for the component normal
to the accreting surface (the orbital velocity (10® cm/sec) being negligibie),
the maximum size of solid particles accreted in four billion years could
have been of the order of 0.! cm, and much less during the first few
hundred million years of the formation of the solar system. The formation
of comet nuclei =100 Km in diameter is out of the_guestibn under these
circumstances. They must have originated in much denser regions of space,

closer to the sun.

(s)

From this standpoint, a suggestion by Oort' ‘' that the comets are
"minor planets escaped;, at an early stage of the planetary svstem, from

the ring of asteroids, and brought into large, stable orbits through the
perturbing actions of Jupiter and the star$§", deserves particular atcention
as the only consistent hypothesis of the origin of comets. In addition to
Jupiter, it may be that primordial rings of asteroids from the vicinity of
other planets may also have contributed to the cloud of comets. The
formulae and tables of the two preceding sections can be used to describe
quantitatively this process of escape, as well as the subsequent capture of
these object by Jupiter and the other planets into periodic orbits, when the

(3)(e)

mixing action of stellar perturbations happens to bring them back into

the inner portions of the solar system. This, however, is not the purpose
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of the present investigation.

The common origin would imply some common prcperties in the physical
structure of comets and asteroids. We do not know much about the physical
structure of these bodies, except that asteroids must contain compact solid
substance similar to that of meteorites, whereas comets must carry on their
surfaces a mixture of ices and dust (Whipple's mixture(7)) which is not
obviously present in the asteroids. }f Oort's concept is correct, it is
likely that the asteroidal fragments have acquired a coating of the icy
conglomerate in the very beginning, when the temperature in their region
was very lowe=the sun's radiation being screened off by intervening dust.
Those fragments which were sent away to the distant regions of the solar
system have retained their icy coating; they appear thus as comet nuclei,
al though their cores may be similar to the astercids. The latter have
lost their ices by evaporation, at least from near the surface, after the
dust hed cleared out of the inner portions of the solar system and solar
radiation became effective.

The mechanical structure of comet nuclei still remains a mystery. In
all probability, very different types of structure may exist. The old theory
of a cluster of particles bound together by mutual gravitation and easily
disrupted by tidal action near the sun, is still upheld in some recent
papers, although the role of collisions in leading to condensation of the
cluster is not overlooked(az Undoubtedly, smail particles cannot account
for the persistence of the gaseous emissions from comets over a great
number of revolutions. These emissions must originate in bulky objects.
Also, welli-known cases of comets splitting up into two or more components
of a similar order of magnitude indicate that the number of components is

small, and their sizes comparable. It is inadmissible to assume that the
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comets have split into several independent clusters. The centers of these
division products must be bulky objects, not clusters which would have completely
dispersed in the process of fission.
It appears to be plausible to assume that comets are not composed of
clusters of small particles crossing each other's orbits; these must have been
el iminated very soon in mutual collisions. What has survived of the
original structure may be single or multiple bulky nuclei, orbiting in a
regular manner without c¢rossing, similar to the principa!'planets of the
solar system or to multjple star systems built on the hierarchical principle,
i.e. with the orbital dimensions of succéssive members increasing by orders
of magnitude (a close binmary with a distant companion, etc.). Loss of mass
by evaporation and tidal action may then lead to the observed fission.
Evaporation of the ices from a bulk nucleus may leave behind a giant
dustball structure which, at a density of & = 0.6 gr/cm® and a minimum
strength of the order of s = 10* dyne/cmg, assumed equal to that observed

(8)(10)

In cometary dustball meteors ; will withstand compression at the center
from own gravity (central pressure equals 3/.rG& o2, where G = gravitational
constant) up to a diameter of d = 7 Km.

With a conductivity as low as that of lunar dust;, it can be shown that
an icy conglomerate sphere of 2 ¥m diameter may take 3 x 10% years to lose
all its ices by evaporation if the dust is not removed from the surface.
Exhausted or '"dead' comet nuclei may thus exist as dustballs up to this
limit of size, comparable to the members of the Apollo group (Table 6);
beyond this size they may still possess an icy core surrounded by uncompacted
dust layers.

The dustball structure of dead comet nuciei anq,perhaps, of some

asteroids may account also for a peculiar object; Comet Wilson=-Harrington

1949 111 (see Table 6) which entirely belongs to the Mars = Earth space 3,4
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is well separated from Jupiter's perihelion. The gravitational field of
Mars is too weak to have achieved its capture from the outside field with
some probability; the relative velocity, U= 0.430, is high enough to per=
mit an origin from Jupiter's crossing, but the time scale for capture from
the Jupiter fi4@,?f/jd = 2.4 x 1019 years, is rather long as compared with
the total lifetime. On the other hand, interaction with the earth has a
short enough time scale, but, on account of the low relative velocity,
U= 0,219, encounters with earth cannot send this object tc Jupiter's
crossing (cf. Tabie 3), nor could an object captured by the earth from
Jupiter's field have a velocity less than U= 0.29. The object is thus
almost completely isolated in terrestrial space.
As to the calculation of lifetime, Comet 1949 1] does not cross the
present orbit of the earth. The approach is, however; so close that variations
in the orbital eccentricity of the earth would make crossing possible even
if the orbit of the object itself did not change. From calculated eccentricities
over t 400,000 yeaq(n) It follows that during 32 per cent of the time the
eccentricity of the earth's orbit exceeded er> 0.0276 and had then a mean
value of 0.0346. This gives f = 0032{}9 with f' = 0,21 according to
equations (24) and (25). The probability of collision with earth was then
calculated according to equation (6).
It is thus improbable that Comet Wilson=Harrington was ever captured
into terrestrial space from outside; this object may be an asterois of the
tcy conglomerate type, with ices in the interior preserved and Insulated by
an outer dust layer. The impact of another asteroid or meteorite may have
thrown open the interior, exposing the ices to direct heating and evaporation,
oy )
with the ensuing cometary appearanceiX—; dustball structure of 2.2 km

diameter can resist tidal disruption at grazing passage by the earth(lz)(ls)
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by virtue of its cohesion; for compact ice the limit of diameter s 50 =
70 km ; beyond a distance of four earth radii from earth, or 2.5 solar
radii from sun (Roche's limit), dusball structures of any size will be
held together by their own gravitation. Hence it is clear that even loosely
bound compact nuclei can exist indefiniteiy, and that the observed breakup
of some comets into separate nuclel only can be explained by these nucle!
being separated beforehand, orbiting around the common center of gravity
at distances which are much greater (100 times, to name a figure) than the
diameters of the nuclel themselves. Some comet nuclel, at least, must
consist of multiple gravitating systems with a small number of principal
members; others may be single bulk bodies.

(b) Types and physical survival of comet nuclel

In Table 6, there are listed eight known objectsof the Apollo group,
coexistent with and of similar orbital properties and dynamical age as the
three cometary entries of the table (Encke's comet, the Germinids and
Comet 1949 I11). There is some reason to suspect that their physical
origin may also be similar, partly at least.

A cometary nucleus; or a proto-asteroid which, according to Qort's
concepts, has become a comet, may have a structure of one of the following
two basic types: type 1, entirely consisting of Whipple's icy=-dust
conglomerate(7% and type 1!, partly consisting of solid meteorite chunks
or even one solid nucleus, surrounded by the icy conglomerate. When becoming
a periodic comet, the icy conglomerate partly evaporates in the sunlight;,
partly scatters as dust and dustball meteors; a prccess usually called
disintegration. Type ! either may disintegrate completely, leaving only
meteoric matter dispersed in space behind,or may survive as a giant dust-

ball. Type :§l, after losing its volatile and dust coating, will become

almost unobservable, but its solid meteoritic portion will continue in the
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orbit. In both cases the residual nuclei will appear as esteroids similar

to the objects of the Apol!lo group; oniy being observable under favorable
circumstances.

Whether the Apollo group is likely to contain such nuclei of dead
or ''disintegrated" comets, can be decided statistically with the aid of the
probabilities of elimination. The answer turns ocut to be in the positive,
The apparent disintegration time of periodic comets is estimated tc run
into about 70 revolutions(s)or 10® years; although the figure is rather
uncertain, it is sufficient to show that the rate of disintegration is
certainly very much faster than that of dynamiczl elimination (time scale
108=108 yearga Tnerefore, the number of dead nucliei of comets must exceed
the number of live periodic comets of type [ by many orders of magnitude.
If all were of type !l, the number of asteroids in cometary orbits would
probably greatly exceed the actual number, as can be judged from the lists
in Tables 6 and 5 (Apollo group and Hidalgo). Although a definite estimate
cannot be made, from the relative scarcity of Apollc. type objects we have
to conclude that most come’: nucliei are of type | which disintegrate com-
pletely and that only & few are of type |}, or cf type | leading to a
residual giant dustball.

The simul taneous existence of cometary nuclei of both types may be
understood on the following working hypothesis. At an eariy stage in the
inner portions of the solar nebula the temperature must have remained
at a iow level, on account of absorption by dust along the ecliptical plane;
there the first objects to condense were planetesimals of the icy conglomerate
tvpe 1. Some of them were ejected into the present cometary cloud. Others
further agglomerated, forming sizable planets in which the conglomerate was

ultimately differentiated into gas and solid rock. Before the nebuia cleared,
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coliisions were breaking up some of the pianets, releasing asteroidai and
meteoritic compact fragments which, after covering u;j%%g)hoarwfrost of the
Icy mixture, were also partly ejected to the cometary cloud, forming thus
nuclei of type ii. Being of later origin, these may be expected to be less
numerous than the nuclei of type i, and the composition of their conglomerates
may also be different; the diversity of comet spettra and tails mey be
understood on these lines as a difference in early age. |

(c) Dead comet nuclei and the origin of the Apollo group

Excluding the three cometary obJects of Table §, comet Encke, the
Germinids, as well as Comet Wilson-Harrington, the harmonic mean Iifetime
of the eight apparently asteroidal members of the Apcilo group is found

to equal

=

-— 1 .
Ta= La/a ) "= 1.02 x 10° years (34)

If these were the remnants ogmpopuﬂation in situ which has decreased
exponentially according to equation (3i), the criginal number 4500 million
years ago would have been 2.5 x 101® times greater and, allowing for the
considerakble incompleteness of the list due to observational! !imitations,
would correspond to a total of }00 times the sun's mass. The absurdness
of such an assumption is obvious. In any case, the survival since the
beginning of the solar system;%he three shortlived objects, Apollo,
Adcnis, and Hermes, would be mggs probable gﬁ:n a miracle.

We have to conclude therefore that the asteroids of the Apollo group
are not permanent members of the space occupied by the terrestrial planets
where they are now but, while they are eliminated chiefly by collisions on a
cime scale of 10® years, they are currently supplied from some source or
scurces, so that the balance of the population is maintained. Two sources

can be thought «f:; the astercidal belt, and comets.
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None of the aphelia of the regular asteroids reaches to Jupite.’s
perlhel ion (Table 11), so that there is no crossing with the glant planet;
this is readily explained by rapid elimination of crossing objects(a)o
And, as has been pointed out in Section 3.(d), the present asteroids of the
Hilda family must be virtually stable, otherwise they would have disappeared
long ago. Also, none of the aphelia [;(E+e), Table 67 of the eight members
of the Apollo group comes anywhere near Jupiter's orbit, the larges values
being 3.5! and 3.63 a.u., well below those of the outer asteroids of Table il.
An origin from the asteroidal belt by way of Jupiter's perturbations seems
thus to be excluded.

Next come the asteroids crossing Mars;, an almost complete up to date
tist of which is given in Table 7. As can be seen from the’twvaﬁues,‘these
are long~-lived objects which well could have been present there since the
origin of the solar system. The harmonic mean lifetime for the 34 asterolds
listed is

Ty= 6.02 x 10® years (35)

and longer than the age of the solar system. According to equation (31),
in 4500 million years their numbers must have decreased by 5C per cen?,
so that about one-half of the original population may have survived in
Mars crossings. Unlike the other terrestrial planets; the interaction
cross section of Mars is small enough to make reasonably probable a pro-
longed coexistence with crossing asteroids.

Al though collisions with Mars are the chief source of removal of
these objects, a not negligible fraction (jE, Table 7) is diverted to
tarth crossings and is thus injected into the Apolic group. From Table 7,
the average value of Jg weighted by 1/C is

(Jg) = c.an {36)
av
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and the annual Injection rate from the Mars asteroids (Table 7) Inte the
Apollo group (Table 6) becomes

iyg = 0-211 N/T, = 3.50 x 10732 Ny (37

ME
when the numerica] value of Tﬁ is substituted from equation (35); here
NM Is the population of the Mars group. The annual loss from the Apollo
group, as corresponding to the lifetime defined by équation (34), Is

Ly = 98 x 1078 Na (38)

where NA is the population of the Apollo group.

Let LAM” NAM in equation (38) refer to that part of the population
of the Apolio group which derives from the Mars group. It the limits of
selection (e.g. by diameter) are the same and statistical equilibrium
holds

Ly = !

AM ME
whence, from equations(38) and (37),

Ny = 0.0036 N, (39)

Now, the selection limits of the two lists are not comparable
and are strongly depending on diameter. The Apcllio group list goes down
to a diameter of about !.0 km, whereas the Mars group is equally complete
(or incomplete] to about 5 km. We may attempt an evaluation of the
selection effects.

For th% Mars group we may use statistical data on apparent magnitudes
of asteroids in general. It has been found concordantly by different
autnors (Stroobant, Baade, Putilin, Spik) that the increment in cumulative
~umbers (i.e. total sum down to a certain diameter) of asteroids in the
observed range of size proceeds nearly with the -1.6 power of the limiting

)(14)D

diameter (popul:tion jndex = 1.6 By extrapolation of the numbers
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with the aid of this index (which requires a trebling of the number for a

decrease to one-half of the diameter) and basing on the number of large

diameters assumed to be |!sted completely, the deta of Table 12 are obtalned.
»

Table 12, Selectlon by Slize In Mars Group of Asterofds

Limits of diam., km )68 ho= 17.- 8.5« 4.2« 2.1« 1.05- 0.52=-
=68, -3l «17.C -8.5 4.2 =21 w? 05
Number in llst, first half 1 3 L L 5 0 o} 0
Number In list, second half O | 2 7 i 1 ] ]
Total number In list 1 L 6 1 9 ! ] !
Observed cumulative nurber 1 5 1R 22 3) 32 3% 34
Extrapclated true ! 5 15 4s 135 405 1215 (36L45)

cumulative number

Taking N, = 1215 for 4> 1.05 km, according to the last line of Table 12

M
equation (39) yields an equllibrium population of the Apollio group, Naw = L.y,

J

as mairtained by injection from the Mars asteroids.

The number listed in Table 6 with d> 1.0 km is 7 which would seem to be
close enocugh to the expectation. Actually, however, the Tist of the Apollo
group cannot be compiete; there are undoubtedly mamy more undiscovered objects
in the group. The selection effects are difficult to allow for, but their
order of magnitude may be estimated as follows. The present list of the
Apollo group is mainly due to charting with the 4B8-inch Mount Palomar Schmidt.
For the sake of simplicity we assume thgt the sky has been efficiently covered

Sore 0w Movim ot AD e W eenbue
twice with this instrument to a limiting magnitude 18.5)distance. This probably

exzgjerates the completeness of coverage. With lunar albedo, the conventiona!

diamerer (d in km) of an object of apparent magnitude m in mean opposition is
log @ = 3.63 + log r4=0.2m (ko)

(2)

where r and A are heliocentric and geocentric distance in a.u., respectively
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Allowing for the effect of motion on the photographic plate, the photographic
image intensity varies as A %, not as A 2 with geocentric distance, and
the limiting minimum diameter of an asteroid, observable with a given instru-

mental set, thus varies with the two distances as

1
d. ~rA'l2 (41)

min

Setting r=1, A=1, m= 18.5 in equation (41), d .= 0.8 km obtains
at the unit distances for opposition; under an average phase angle of 30°
this somewhat reduces perhaps to dmin = 1.2 km as an effective limit. Hence,
according to equation (41},

1
d., =1.2rn "2 (41a)

min
in kmy, for r and A in a.u.

On account of phase effectég‘ihe discovery of the fainter asteroids can
take place mainly when they are outside the earth's orbit, r> 1, T =1 + 0.54,
whence

1

4 =12 (10504 /2 (42)

if Vo Is the total volume of space effectively occupied by the asteroids,
and V is the volume covered by observation, the *coefficient of perception®
or the relative completeness of the resulting list of discoveries is

7= 1 - exp (-V/Vo) (43)

For asteroids of the Apollo group moving between effective distances

of q= 0.7 and ¢'= 2.0 a.u., the volume occupied is approximately

Vo =47 [(q)® - ¢®] =32 (a.u)® (1)
For an observing distance /A and double coverage of the sky
V=8 7A%=8A8 (45)
Hence
3
7 =1 -exp(-24 ) (46)

and this is linked to the minimum diameter by way of equation (L42). Hence
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follows the coefficient of perception of the Apollo list depending on diameter

as given in Table 13,

Table 13
A, a.u, 0.1 0.2 0.3 0.4 0.6 0.8 1.0 1.5 2.0
7 2.5x10°* 0.0020 0.0068 0.016 ©0.054 ©.13 0.22  0.57 0.86
d ., km 040 0.5 0.76 0.9 1.5 1.50 1.80 2.57 3.39

min

Statistics of the small number of Apollo asteroids cannot be very signi-

flicant; nevertheles§,with population indices of s = 2.7 {probable value(14))

and 1.6 (asteroidal), the idealized distribution of the objects is found to

be as in Table lk.

Table 1k,
Limits of d, km 1.00- 1!.19= 1.4i- 1.68- 2.00- 2.38- 72.83 Al
-1.19 -1.ht -1.68 -2.00 -2.38 2.8 51.0C
7 0.0k 0.08 0.15 0.25 0.35 0.60 0.80
Population index s = 2.7
n 10.2 6.4 L 2.6 1.6 1.0 1.6 27.5
'?n 0.4 0.5 0.62 0.65 0.56 0.60 1.28 L4.63
Population index s = 1.6
n 4,00 3.00 2.28 1.72 1.32 1.00 3.20 16.52
7 n 0.16 0.24 ©.3% 0.43 046 0.60 2.56 L4.79
7& n observed { 3 0 0 0 ! ) 7

Here n is the idealized true relative number of objects (to an arbitrary
factor of proportionality), 77 the average coefficient of perception according
to Table 13, 7 n the expected number of observed objects.

For a population index of s = 2.7, d= _!.O km, the probable ratio of

the true number to the number of discovered objects is 27.5/4.63 = 6.1;
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for s = 1.6, it is 16.52/4.79 = 35. The case s = 2.7 better agrees with the
observed distribution of diameters. It means that the 7 objects of the
Apollo group with d>> 1.0 km are representing a true population of about
NA = 7 x 6.1 = 43, The estimate errs probably on the lower side. The fact
that each of the asteroids of the Apollo group has been observed only once,
by mere chance at discovery, and then hopelessly lost, would indicate that
only a very small fraction of them is presently known.

in any case, the probable number N, as estimated here is ten times

A

the number N, expected from the injection of Mars asteroids; the injection

AM
is apparently inadequate.

Hence it appears that the majority of the Apollo asteroids cannot
have originated from the asteroidal belt. They may indeed be dead comet
nuclei, or other objects infiltrating from the region of the cloud of comets,
such as true asteroidal bodies not covered with the hoar~frost coating and
thus unobservable except at close distance.

Asteroidal collisions as a source of Apollo type fragments might be
considered next. Leaving aside the infrequency of such collisions, and the
circumstance that the aphelia of the Apollo group are not crowded toward the
densest portion of the asteroidal belt, but are spreading definitely inwards
of it, there is one argument which makes the suggestion unacceptable. To
reach the earth after collision from a distance of 2.7 - 3.1 a.u., the
fragments must acquire a relative velocity in our notation of U= 0.3 or
5 km/sec. The average velocity of collision of two asteroids is of the
order of

U= (2 sin® i + 2(32)1/a s 0.28
or barely equal to the required velocity of ejection of the fragments. This

is definitely inadequate, considering that most of the kinetic energy of the



collision is released inelastically. The fragments cen attain only a
of the velocity of collisicn. Moreover’from the theory of meteorite crater

formation(ls)(le)

it appears that in a collision with cosmic velocity, large
fragments cannot survive the accelerations required to eject them with large
velocities. Only smal! meteoritic fragments can arrive to us from the
asteroidal region as the result of collisions, not bodies measuring kilometers
or hundreds of meters in diameter, even when consisting of a material as hard

as compact nickel iron. The idea must be ahandoned with respect to the

Apollo group.

5. _CAPTURE OF COMETS INTO TERRESTRIAL SPACE AND STATISTICAL BALANCE WIiTH
APOLLO GROUP.

{a) Definition
Terrestrial space is here defined as that inside Jupiter's orbit. The
orbital characteristics of objects belonging tc this space are defined by the
absence of Jupiter cressings, or by the aphelia being less than 4.94% a.u.
However, the range from L4.54 to 4.9% a.u. remains within the sphere of action
of Jupiter as a transition region., The objects of Tables 6 and 7 belong to
this space, although Table 7 rep-esents a more narrow selection of Mars space.

In particular, the Apollo group is characteristic of terrestrial space.

(b) Statistical equilibrium of disintegration and dynamical elimination

Let Nc be the number of comets in terrestrial space, T; the lifetime

of their "disintegration', i.e. evaporation of the volatile substances with
all its consequences, and kp the fraction of Mype Il or other surviving

nuclei among them; and let N,. be the number of objects in the Apollo group

AC

derived from the '*Disintegration' of the comets, Zk their dynamical lifetime.

Equilibrium conditions require

. = T
ke Nc/ tc NAC/ A
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or

kaNc = NAC TC/TA (1)

Assuming Ny = Ny = Ny = LZ-4 = 39 for d= 1.0 km, according to section 4(c),
T,™ 108 years, (R 10% years which is more than usually ascribed to comets,
we obtain'kaNc = 0,004k as the required time=-average number of '1ive' comets

in the terrestrial space, capable of yielding residual! nuclei exceeding 1.0
km in diameter. In Table 6, there is one bonafide comet of d = 1.7 km *

and a meteor stream (Geminids) which must have recently (on a time scale of
108 years) been formed from a disintegrated comet., In addition, periodic
comet Grigg-Skjellerup has its aphelion exactliy at the limit of 4.94 a.u.
(Table 9)9 Only objects with Apollo group characteristics, i.e. crossing

the orbit of the earth and potentially capable of reaching Jupiter are thus
included. The observed number may thus he set at Nc = 1,35 (d> 1.0 km);

this is satisfied by a very low margin of efficiency, kg = C.00%. The
estimate is extremely uncertain, but sufficient to show that the hypothesis
of some members of the Apollc group having been derived from disintegration of
comets does not require many live comets to be prasent in the terrestrial
space.

(¢) Injection from general field of comets

From the new' comets temporarily entering terrestrial space from
outer regions, the terrestrial planets may partly eliminate some by col-
lisions, partly they may perturb their motions in close encounters, capturing
them into terrestrial space, If the outer planets were not there, the proba-

bilities of collision and capture could be calculated from equation (6), with

* As suggested in section 4(a), Comet Wilson-Harrington is more properly

counted with the bona fide asteroids deriving from the Mars region.
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the encounter target radii being given by equations (8) and (17) and the
relative probability of a certain orbital change being defined by equation
(15). In such a case the relative probability for the changed orbit to be
entirely inside Jupiter's orbit is,évidently

o, = 1~[e4 (Jupiter)] (48)
with 6> (Jupiter) being given in Table 2.

In the presence of the outer planets, the collision probabilities will
not be affected. However, orbital change of crossing orbits is so efficiently
caused by Jupiter that the angular deflections induced by the terrestrial
planets cannot accumulate in random walk and equation (17) dces not apply.
Only deflections in single encounters are effective. These impose severe
limitations on the possibility of orbital change.

The calculation of probabilities of crbital capture in single encounters
is rather complicated, except for parabolic cbjects. For them; the writer
estimated by numerical integrations [using equation (11)]/ that, from an
isotropically distributed population of parabolic objects [ye = 2, equation (]9£],
captures by the earth can take place orly in the velocity range of U= 0.48 - 0.72,
and the total probability of capture into terrestrial space per crossing and
perihel ion passage of a parabolic comet (Vp-1 < U</2 + 1) is then

P, =1,0x 1012

A
The captures take place in a close range of perigee passages between 1.00 and
1.09 earth radii.

Application of the cumulative random walk procedure with equations (17)
and (15) to 25 nearly parabolic or long-period (>90 years) objects which have
been observed crossing the earth's orbit during 1936 - 1949(17) yielded an

average of

{ o =11
PA 2.9 x 10
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The average is sensitive to individual values of p which flutuate considerab]__y°

Thus, excluding comet 1941 11, which has the largest value of the probabi!it%,
[1vef£ge becomes

P'y= 0.6 x 107312

One can see that, although theoretically the cumulative procedure is
not justified, in practice it yields a numerical result sufficiently close
to the correct one for deflection in single encounters.

It can be assumed that the cumulative procedure yields an acceptable
approximation also in the case of the periodic orbits, where the exact
calculation is complicated, but which chiefly contribute to the probability
as being more easily captured than the parabolic objects.

From a complete list of comets over 1k years(17), for 3C observed
apparitions of objects crossing the orbits of earth and Jupiter (repeated
apparitions of periodic comets being counted individually), the average
probabilities per apparition of collision (PC) and of capture (PA) into
Apollo-type orbits of terrestrial space, were found as listed in Table 15.
In notations of Table 2, in each individual case

Py = Pc(o-2/52) [1 - e>(Jupiter)] .

Table 15
By Earth By Venus Total per Apparition
Probability of collision, P_ 45.9x10° 20 }3.8x10 1° 59.7x10 10
Probability of capture, Pa 2.65x10° 19 0.27x10°1° 2.92x10°1°

I f VE is the true number of apparitions per year of comets whose
nuclei are of the right size, to become ultimately members of a population
NAC of the Apollo group with an efficiency factor kg, for statistical

equilibrium

Pake v = Npo/ 7y (49)



or, with 7, = 108, Py = 2.9 X 10739 Nog ™ 39 (d> 1.0 km),

ke Vi = 13 x 108 ;
for 1> kg > 0.003, this is equivalent to from 16® to 4 x 10° comets per year
with nuclei exceeding | km in diameter crossing the orbit of the earth; such
a number is absolutely out of the question.

This statistical puzzle can also be treated in a more direct way.
If the observational selectivity of comets in general and those in terrestrial
space is the same, instead of quessing the very uncertain selection factors,
the adequacy of injection can be tested directly from the number of recorded
objects. in the preceding subsection it has been shown that one or two live
comets, actually known to be present in terrestrial space, are amply
sufficient for maintaining the population of the Apollo group at its present
level, even with an efficiency as low as 0.003 for the fraction of surviving
residual nuclei. It remains thus to account for the origin of the observed
number of live comets in terrestrial space, Nc = 1.5. In notations
of this and the preceding subsections, we have then

Ne = v PaTc (k7a)
where Vg is the annual number of al! observed apparitions without selection
effects. With Vg = 30/14 = 2.1, PA

NC =6 x 108 obtained, which is utterly insignificant as compared with an

= 2.9 x 1019, TE = 10% years,

observed effective number of 1.5. According to this criterion too, direct
capture of field comets by the earth cannot account for adequate injection
into terrestrial space, the rate being short by a factor of 10°.

(d) Comet diameters and imagnitudes

If the evaporation intensity per unit surface of the nucleus, and thus
the total brightness of a comet, is a unique function of heliocentric distance,

the diameter of a comet nucleus must be given by a formula of the type
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logd=C - 0.2 mg (50)
where mg is the Bobrovnikoff-Schmidt ‘'absolute' or standard magnitude reduced
to unit heliocentric and geocentric distances and to standard instrument(la)(le)°
The equation may involve considerable deviations in individual cases, but should
apply as an average.

For the period 1853-19h8,?%{most a century, for which photometric data
are available, the absolute magnitude distribution and number of apparitions
of bright comets, with perihelion distances less than 1.02 a.u., is given in
section (a)?%able 16, according to Vanysek(EO% in section (b) the statistics
of all! apparitions is presented according to the catalogue of Baldet and

Obal dialZY)

Table 16. Absolute Magnitudes and Apparitions of Bright Comets (q £ 1.02 a.u.)

(a)
Relative diameter 76CZ) 4.0 205 1.6 i 0.62 0.40
mgy, mag. £1.9 2.0 3,0- L4.0- 5.0= 6.0- 7.0=-

-2,9 =3.9 =k,9 -59 6.9 =7.9
Number, 1853=1948 1 0O 2 5 13 17 5
Cumulative number)/v ] 1 3 8 21 38 L3
N N N N

Population index, s oo 2.4 2.1 2.1 (1.3)

(b)
Period of observation 1853 - 1899 1900 - 1935 1936 - 1948
(1) Total apparitions; q < 1.02 121 72 3%
(11) Number with mg = 5.9 11 7 3
Selection Ratio (1) to (11) 11.0 10.3 11.0
Apparitions per year 2.58 2.00 2.35

The first line in section (a) of the table gives the relative diameter

in units of that of the mg= 5.0 = 509 group, according to equation (50).

)
The population ind€x of diameters(14’, defined here as
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s = 5 d(log N)/dmg (51)
is given in the fifth line of the table. Its decrease beyond mg = 5.9, and
the statistical comparison with section (b) of the table indicates that
down to mg = 5.9 there is no relative selection in the photometric data
of these bright comets whence; down to this limit, the average population
index of diameters is s = 2.1. With this, the cumulative numbers increase
in a ratio of 4.3 for a ratio of limiting diameters of one-half, or in a
ratio of 2.63 per magnitude interval of mg.

Allowing for unfavorable perihelion passages, we may estimate that,
despite their relative completeness as compared with the total number of
apparitions, probably only one-quarter of all comets with mg < 5.9 have
been recorded, so that the true annual number of comets brighter than the
sixth magnitude crossing the orbit of the earth may be estimated at

Vig= 21 x 4/96 = 0.88.

With s = 2.1 the true number of apparitions down to a magnitude limit
m = mg > 6 can be extrapolated with the aid of the formula
v, = 0.88 x 2.63(m=0)
For lunar albedo, equation (40) yields for the magnitude me of the

nucleus at unit distances (r = 1, A= 1, or the same for which the integrated

magnitude mg of the comet is calculated) and full phase

m. = 18.15 - 5 log d. (52)
whence from equation (50)

me = mg = 18.15 = 5C (53)
The virtual invisibility of the true nuclei of most comets would imply
me Mo > 5o0r C£ 2.6 as an overall upper limit for the average value of the
parameter.

A direct determination of the constant C is possible only on rare
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occasions. From two cases when the true nucleus was observed, the writer
made a reduction of the photometric obserQations to the conventional
3=inch telescope standard and unit heliocentric distance using an exponent

(18)(19)

N = 3.3 for the heliocentric reduction (Bobrovnikoff=Schmidt reduction) .
Assuming lunar albedo, the results for the constant in equation {50) were:
C = 2.25 for periodic COmet Harrington-Abell 1955a; C = 2.15 for Comet 1946a
Timmers. An average of € = 2.18 was actually adopted and used(l4)(15)c if
the albedo of the nuclei is as low as that of zodiacal dust, which is not
improbable for the dust-covered radiation-damaged surface, C = 2.6 would be
indicated. Undoubted!y, individua! comets may differ widely in this respect,
according to the szurface rate of evaporation of the ices, but the average
may be used for statistical purposes.

As shown in Teble 17, the Yminimun' diameters of comet nuclei
(=2}

proposed by Richter are by almost an order of magnitude greater than

our larger set of values (C = 2.6]

Table 17. ‘
Comet 1903 sv}agou 3‘15“07 BV\\E%E v\\zoze vu!ﬁgié aa\tgzw uv\’
mo 6.5 "}50«& (1403 j’zau !5’B 6.8 iéoa l}l
d [equation {50), C=2.6], km 20 8% 55 13 38 17 23
d [equation (50), €=2.18],km 7.6 32 21 5.0 13 6.6 8.7
din (Richter), km 307 232 194 73 200 106 77
me (Richter diameter, 5.7 6.3 6.7 8.8 6.5 8.0 8.7

lunar albedo)

The values of Mes calculated from Richter's diameters, require the
nuclei to yield from 7 to 200 per cent of the total light of the comet at
unit heliocentric distance. From the observational standpoint this is an

unacceptably high, partly impossible ratio. There can be little doubt that
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Richter's diameters are too large for compact nuclei, and that most of the
light he attributed to the nucleus must have come from the 'false nucleus',
the concentration of gas and dust leaving the nucleus in all directions.

Even the values calculated with C = 2.6 appear to be too high. The
number of craters in the lunar Mare imbrium, essentially depending on the
frequency and size distribution of comet nuclei, and calculated with
C=2.18 for the comets, agrees with the observed number(14)° The agree-
ment disappears when C = 2.6 is assumed, increasing the volume and mass
of each projectile 18 times. The calculated number of craters for given
size lfmits would then increase about 5 times anag exceed in this ratio
the observed number. Whatever the uncertainties in the estimate of the
frequency of lunar crarers, it would be quite difficult to b-idge over this
gap.

For working purposes, and with a tentative probable error, we thus
can assume for the parameter of equation {<0}

C=2.18+ 0.2 ,
or values between 2.0 and 2.4 as the extreme rarge.

There exists an independent check on this figure which carries more
weight than any estimates of the diameters of comet nuclei ever made. It
is based on the apparent decrease in the gravitational constant kg, caused
by the inertial reaction of the sunward jet of vapors from the nucleus
{rocket effect). Hamid and Whipple(gs) have published relevant data for
64 comets with definitive orbits which yielded a significant weighted
mean value of Ak/k = = (.33 x 1075 in the expected direction., From their
few most accurate entries it can be judged that the real spread in Ak/k is
of the order of 0.6 x 10 2. Therefore, using only the very best data for

which the observational mean error in Ak/k is less than this spread, there
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remain six comets (1861 1, 1853 111, 1886 i, 1882 4, 1858 Vi and 1896 1i1)

for which also the standard magnitude mg on the Bobrovnikoff=§chmidt scale(le)(ls)
has been determined. With a correcting factor of 0.89, assumed to represent

the fraction of solar heat used up in the sublimation of the ices (lunar

albedo and surface radiation loss at -100°C being assumed), and with Ak/k =

-0.67 (£0.18 p.e) x 10 3, equation (1) by Hamid and Hhipple(zs) yields the
harmonic mean diameter for these six comets as

dk = 3.2 + 0.8 (p.e.)km
based on the jet effect.

For the same six comets equation (50; with C = 2.18 yields a harmonic
mean of

dm = 5.8 km (extreme range from 3.6 te 9) based on the observed standard
magnitudes.

The agreement is better than ever obtained in estimates of comet
diameters; it seems that here at last a reliable basis has been found for
assessing the true dimensions of comet nuclei.

The estimate from Ak/k gives the mass per unit surface of the nucleus;
that based on mg yields the total surface of the nucleus. |If both estimates
are taken by their face value, they could be reconciled by assuming an
average comet nucleus to consist of three spherical components, each of an
average diameter of 3.2 km, so that their total reflecting surface would
equal that of a sphere of 5.8 km diameter. In view of what was said about
the multiple structure of comet nuclei, this model and the absolute dimen=-
sions of the nuclei may be close to the truth despite the uncertainties of the
estimates. The occurrence of multiple meteor craters on earth (Kaalijary in
Estonia, Henbury in Australia, and others) adds further weight to this con-

cept.
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(e) Gravitational capture from Jupiter's family of comets

This is a two-stage process, Jupiter capturing comets from the general
field, the terrestrial planets, chiefly the earth capturing into terrestrial
space comets with aphelia near Jupiter's orbit. The probability of capture
by the earth from Jupiter's family is some three orders of magnitude greater
than directly from the long-period or parabolic field whencg)despite the
smaller number of objects, the expectation of capture is very much greater
than from the general field.

The population of the Jupiter family we consider as given, without
inquiring how it got there. Capture into terrestrial space is then the
net balance between incoming and outgoing objects, a problem of diffusion
inwards. The capture is non-cumulative, achieved by individual deflections
according to equation (11). There is a minimum value of ¥ which can produce
the required orbital change, and this sets an upper limit to the perigee
distance r and the target radiu5<rhaxo For a small change In the desired
direction, the probability of the change per encounter varies from nearly

one-hal f (0.45-0.48) at grazing passage to zero atg. . an average value

2

of the probability per target cross=section o

is obtained by integration.
For an original set of elements with a = 3.00 a.u., a(l-e) = 0.8,
a(l+e) = 5.2, a change to typical elements of a '"captured" orbit, a = 2.8,

a(1-@) = 0.8, a(l+e) = 4.8 can be achieved by earth encounters at conditions

set forth in Table 18.

Table 18. Conditions for Earth Encounters to Decrease Particle's Aphelion by’Q?ihlA
from 5.2 to 4.8 a.u. or less (U > 0.29)

U 0.30 0.35 0.40 0.5 0.6 0.8 1.0 1.5 2.0

Probability of desired change 0.45 0.48 0.48 0.48 0.47 0.47 0.46 0.43 0.35
at grazing passage

T nax’ earth radii 10.8 21.4 23.0 21.6 19.3 14k.9 11.6 6.8 3.3
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For the range of U from 0.3 to 0.6, as is actually covered by the
relevant objects of Tables 8 and 9, the probabilities and target radii in
Table 18 vary but moderately, leading to an almost constant probability of
“capture!' (or an almost equal probability of a change in opposite direction) of

p, = 7.3 x 1078
per orbital revolution; with an average period of revolution of 5 years,
this defines the probability of capture per annum as

P, = 1.5x 1078
"Capture'" is here identified as a decrease of the aphelion distance by
0.4 a.u., or more.

From a population of Nj comets in the Jupiter family, capable of
reaching earth's crossing (U > O.44 with respect to Jupiter is the condition,
cf. Tables 2 and 3), a fraction Pt is injected annually into a population
Nc of live comets in terrestrial space. Of the latter, the same fraction
Pt is returned to the Jupiter family (when U > 0.30 with respect to earth), and
a fraction I/Zb decays or disintegrates. The statistical equilibrium condition

can then be written as

Pth = Pth + Nc/zb
or

Ne = N/(1 +1/P, 7)) (54)
With P = 1.5 x 1078 yr'd, ?i = 10% yr, this becomes

Ng = 1.k x 107% N, (55)

From Tables 8 and 9, sz 2 is the observed value, as only two objects
(Grigg-Skjellerup and Neujmin 2) satisfy the condition U > 0.4k, Hence

Ng=3x107* (56)
is the observed equivalent value of live comets in terrestrial space, in

equilibrium with the injection rate. This is very much less than the
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actual observed number, Nc = 1.5, Thus, although the equilibrium value of
Nc is now 40 times that which can be sustained by injection from the general
field [cf. subsection (c)/, it is still unable to account for the actual
number of live comets present in terrestrial space.

0f course, the statistics in this case is based oq?ZGngle object
(Comet Encke) and the conclusion thgf''there are too many object' need not
be significant (however, the sampling error for one observed event may lie
within the limits of =50 to +100 per cent and the result still carries
definite weight) .

Disregarding the single event and assuming that the average observable
number of live comets in terrestrial space equals the value of equation (55)
calculated from injection; in former notations the observable number
(without selection being allowed for) of residual nuclei in the Apollc
group becomes

N'A = chk/tt = 3,
or of the right order of magnitude if the efficiency;, kg,

&

is assumed equal
to unity.

Thus, the two=stage injection by capture from the Jupiter family
almost can account for the population of the Apollo group except that the
improbable assumption of ka = 1 must then be made. in such a case comet
Encke would represent a freak whose probability to be present in a random

sampling by time (over intervals of Tb = 10% years) is 3 x 10 4.

(f) Capture from Jupiter's family of dead nucle;j

In addition to live comets in terrestrial space, the Apollo group could
be supplied by injection of extinct nuclei still crossing Jupiter's orbit.
The probable ratio of the number nj of dead nuclei to that of live comets

in Jupiter crossings is




nj/Nj = kat/zh (57)

in former notations, with ¢, = dynamial lifetime in Jupiter crossings. The
harmonic mean lifetime of the nine objects of Tables 8 and 9 is T = 8.5 x 10%
years; with tb = 104,

n,/Ns = 8 .

Ny e

For kg< 1, N, = 2 as for objects which can cross the orbit of the

J

earth,

n, £ 170 ,

J
and from equation (55) the observable number of dead nuclei diverted to the
Apolilo group from Jupiter crossings becomes

ne < 0.024
which again is negiigible. Although the dead nuclei of comets in Jupiter's
family may be numerous, Hidalgo possibly being an outstanding example,
they hardly can help in understanding the origin of the Apollo population

through gravitational capture.

(g) Evolution tkrough jet deceleration

Whipple's ideas(7)about jet accelerations or decelerations of comets,
by way of a lag in evaporation from the surface of a rotating comet nucleus,
may be considered next as a possible cause of bringing members of the
Jupiter family into terrestrial space. MNuclei in retrograde rotation in
which a tangential jet force operates in a direction opposite to the orbital
motion may lead to loss of angular momentum, chiefly near the perihelion,
and to a decrease in the aphelion distance and semi-major axis. The
apparent acceleration of Comet Encke may be attributed to this cause(Y)o
As a rough estimate, we may assume that 25 per cert of all nuclei have

retrograde rotation in the plane of the orbit, with a lag cf maximum evaporation

of 30° in longitude (corresponding to a hour angle of 2 p.m.). With a velocity

o~
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of the escaping gases equal to 0.56 km/sec, or a component 0,56 x 7/k = C.4h4 km/sec
in the equatorial plane, the tangential component opposing orbital motion is
0.4l sin 30° = 0.22 km/sec. At unit distance from the sun (1 a.u.) this
equals 0.0073 in the U-units. Hence, for a loss of mass in the ratio of
Ma/My, the loss in the perihelion velocity becomes

AU = - 0.0073 In (My/M2) (58)
The identity of the comet may still remain preserved for a mass loss ratio
of My/Mz = 8, whence

AU = - 0,015 (59)

appears to be the order of magnitude of the maximum attainable loss of
angular momentum per unit mass. Equation {13) then yields the following
variation in the aphelion distance for a perihelion at | a.u.:

a(l+e), initial 5.7 4.95 4,00

a(l+e), final (AU = -0.015) L.g L.y 3.54

The orbital change is sufficient to lead to practical injection of all
comets with a(l + e) <. 5.2 into terrestrial space. The time scale of the
process is Tcy equal to that of apparent disintegration. In notations of
the preceding secticns we have then ﬂwith 25 per cent of the comets subject
to the effect)

Ne/Te = *a Nj/%b

or

Nc = 1/, N, = 0.5

J

The present value of N, is 1.5, of the same order of magnitude as

C
that calculated.
The "rocket effect' in retrograde rotation is thus quantitatively

adequate in supplying live comets to terrestrial space. Comet Encke

appears to be still drifting inwards.
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(h) Conclusion

The supply of live comets, suspected parent bodies of the majority of
the Apollo group asteroids, is efficiently achieved by an inward drift of
some of the comets of the Jupiter family, caused by the jet deﬁeleration of
nuclei in retfograde rotation. Only a small fraction of the Apollo group,
of the order of 20 per cent or less, can be regarded as bona fide asteroids,
diverted to earth crossing through accumulated perturbations by Mars.

The loss in U, the Jacobian relative velocity, as due to the rocket
effect is comparatively small, of the order of =0.015. Hence the objects
which have filtered into terrestrial space must have retained almost their
original U values. This may be used as a means of guessing their possible origin
in individual cases.

To have originated from the Jupiter family, U > 0.29 is required
with respect to the earth, U> 0.18 with respect to Mars. Hence all objects of
Table 6, with the exception of Cowet Milson-Harrington, may well have originated
from the Jupiter family. The average U-value with respect to Mars of all
i1 objects in this table is U= 0.679, with a range from C.382 to 1.07.
For the 34 Mars asteroids of Table 7 the corresponding figures are U= 0.429,
range 0.190 - 1.006. There is indeed a marked difference between the two
groups, suggestive of different origin; the smaller U-wlue for the Mars
asteroids is in harmony with the hypothesis that they are indigenous to the
Mars space, whereas the higher relative velocity of the Apollo group objects
and related comets would indicate a more extraneous origin. As to the
relatively small aphelion distances of the objects of Table 6 (except its
most recent member, Comet Encke), they may have been brought about by the
accumul ated effect of close approaches to the terrestrial planets. The
probabilities are not too favorable for this assumption, but it is

difficult to find a more plausible explanaticn.
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